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We develop a strategy to determine the cosmic birefringence and miscalibrated polariza-
tion angles simultaneously using the observed EB polarization power spectra of the cosmic
microwave background and the Galactic foreground emission. We extend the methodology of
Y. Minami et al. (Prog. Theor. Exp. Phys. 2019, 083E02, 2019), which was developed for auto
frequency power spectra, by including cross frequency spectra. By fitting one global birefrin-
gence angle and independent miscalibration angles at different frequency bands, we determine
both angles with significantly smaller uncertainties (by more than a factor of two) compared to
the auto spectra.
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1 Introduction
Measuring the rotation of polarization directions of photons is a way to search for parity
violating physics. One of the physical effects is the so-called “cosmic birefringence” [1], which
rotates the polarization angle of the cosmic microwave background (CMB) via, e.g., a Chern-
Simons coupling between a light scalar field and the electromagnetic tensor. The rotation
mixes E- and B-modes of CMB polarization and generates a cross-correlation between them;
thus, we can search for this effect in the cross-correlation power spectrum of the E- and
B-mode polarization [2–6].
The polarization angle of the CMB is rotated also by miscalibration of polarization sen-
sitive detectors. Assuming no intrinsic EB correlation, one can determine the miscalibration
angles [7]; however, the miscalibration angles determined in this way are degenerate with
the cosmic birefringence [8]. In Ref. [9], we lifted the degeneracy by the polarized Galactic
foreground emission. The miscalibration rotates both CMB and foregrounds by an angle α,
whereas the cosmic birefringence rotates only CMB by an angle β; thus, we can use the
different multipole dependence of the CMB and the Galactic foreground polarization power
spectra to determine α and β simultaneously.
In this paper, we extend the methodology of Ref. [9], which was limited to the auto
frequency power spectra, to include the cross frequency spectra. Modern CMB experiments
have many frequency bands required to remove the foreground emission. For Nν frequency
bands, we can measure Nν auto frequency spectra and Nν(Nν − 1)/2 cross spectra. When
Nν is large, the information gained from the cross power spectra is significant. In Ref. [9],
we showed that an experiment similar to LiteBIRD [10] can determine β with a precision
of 11 arcmin using the auto frequency power spectra, simultaneously with α.1 In this paper
we show that we can reduce the uncertainty by more than a factor of two by including the
cross frequency spectra.
Throughout this paper we assume the full sky coverage. See Ref. [17] for how to include
the effect of a partial sky coverage.
The rest of the paper is organized as follows. In Sect. 2 we review the methodology
of Ref. [9] and describe the extension to the cross frequency power spectra. In Sect. 3 we
describe the sky simulations we use to validate our method. We present the main results in
Sect. 4 and conclude in Sect. 5.
1 The formal statistical uncertainty of β in the absence of α can be much smaller [11–16]; however, this is
not achievable in practice unless we can determine α with better precision than we report in this paper.
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2 Methodology
2.1 Review of the methodology with auto frequency power spectra
The spherical harmonics coefficients of the observed (“o”) E- and B- mode polarization
are related to the intrinsic ones by
Eo`,m = E
fg
`,m cos(2α)−Bfg`,m sin(2α) + ECMB`,m cos(2α + 2β)−BCMB`,m sin(2α + 2β) + EN`,m ,
(1)
Bo`,m = E
fg
`,m sin(2α) +B
fg
`,m cos(2α) + E
CMB
`,m sin(2α + 2β) +B
CMB
`,m cos(2α + 2β) +B
N
`,m ,
(2)
where “N”, “fg”, and “CMB” denote the noise, foreground, and CMB components, respec-
tively. All spherical harmonics coefficients and power spectra have been multiplied by the
appropriate beam smoothing functions.
When we define the power spectra with ensemble average as 〈CXY` 〉 = (2`+
1)−1
∑`
m=−`〈X`,mY ∗`,m〉, we obtain
〈CEB,o` 〉 =
tan(4α)
2
(
〈CEE,o` 〉 − 〈CBB,o` 〉
)
+
sin(4β)
2 cos(4α)
(
〈CEE,CMB` 〉 − 〈CBB,CMB` 〉
)
+
1
cos(4α)
〈CEB,fg` 〉+
cos(4β)
cos(4α)
〈CEB,CMB` 〉 .
(3)
The current data show no evidence for non-zero intrinsic EB correlation from the foreground
emission [18, 19] or from the CMB [20]. We can thus determine α and β simultaneously, if
we ignore 〈CEB,fg` 〉 and 〈CEB,CMB` 〉, or we model them. For example, if we assume that
〈CEB,fg` 〉 is proportional to
√
〈CEE,fg` 〉〈CBB,fg` 〉 [21], we can model the effect of the intrinsic
foreground EB correlation as an additional, frequency-dependent angle, γ(ν) [9, 17]. The
intrinsic EB correlation in the CMB generated prior to the last scattering has the multiple
dependence distinct from the second term in Eq. (3) (e.g., [22]). These properties would allow
us to distinguish between α, β, γ(ν), and 〈CEB,CMB` 〉. In this paper we ignore the latter two
effects, as our main goal is to show the improvements offered by the cross frequency spectra.
To determine α and β simultaneously from a single frequency band, we use a log-likelihood
function given by
lnL = −1
2
`max∑
`=2
[
CEB,o` − tan(4α)2
(
CEE,o` − CBB,o`
)
− sin(4β)2 cos(4α)
(
CEE,CMB,th` b
2
` − CBB,CMB,th` b2`
)]2
Var
(
CEB,o` − tan(4α)2
(
CEE,o` − CBB,o`
)) ,
(4)
where CEE,CMB,th` b
2
` and C
BB,CMB,th
` b
2
` are the best-fitting ΛCDM theoretical power spectra
multiplied by the beam transfer functions, b2` .
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As for the variance in the denominator, we use an approximate variance given by
Var
(
CEB,o` − (CEE,o` − CBB,o` ) tan(4α)/2
)
≈ 1
2`+ 1
CEE,o` C
BB,o
` +
tan2(4α)
4
2
2`+ 1
[
(CEE,o` )
2 + (CBB,o` )
2
]
− tan(4α) 2
2`+ 1
CEB,o`
(
CEE,o` − CBB,o`
)
.
(5)
See Appendix of Ref. [9] for derivation of this result. We maximize Eq. (4) with respect to
α and β, given CEB,o` ,
(
CEE,o − CBB,o), CEE,CMB,th` , and CBB,CMB,th` .
2.2 Extension to the cross frequency power spectra
We extend the log-likelihood given in Eq. (4), which is valid for one frequency band, to Nν
multi-frequency bands. Let us consider correlations of three pairs (EiEj , BiBj , and EiBj)
from the i-th and j-th frequency bands. We assume that different bands have independent
miscalibration angles, αi. When we take the ensemble average of the cross correlation between
two frequency bands, we obtain
(
〈CEiEj ,o` 〉
〈CBiBj ,o` 〉
)
= R(αi, αj)
(
〈CEiEj ,fg` 〉
〈CBiBj ,fg` 〉
)
+R(αi + β, αj + β)
(
〈CEiEj ,CMB` 〉
〈CBiBj ,CMB` 〉
)
+ δi,j
(
〈CEiEi,N` 〉
〈CBiBi,N` 〉
)
,
(6)
〈CEiBj ,o` 〉 =~RT (αi, αj)
(
〈CEiEj ,fg` 〉
〈CBiBj ,fg` 〉
)
+ ~RT (αi + β, αj + β)
(
〈CEiEj ,CMB` 〉
〈CBiBj ,CMB` 〉
)
, (7)
where R and ~R are a rotation matrix and a rotation vector of power spectra, respectively.
The explicit forms are
R(θi, θj) =
(
cos(2θi) cos(2θj) sin(2θi) sin(2θj)
sin(2θi) sin(2θj) cos(2θi) cos(2θj)
)
, (8)
and
~R(θi, θj) =
(
cos(2θi) sin(2θj)
− sin(2θi) cos(2θj)
)
. (9)
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Using Eqs. (6) and (7), we relate 〈CEiBj ,o` 〉 to 〈C
EiEj ,o
` 〉 and 〈C
BiBj ,o
` 〉 as
〈CEiBj ,o` 〉 = ~RT (αi, αj)R−1(αi, αj)
(
〈CEiEj ,o` 〉
〈CBiBj ,o` 〉
)
− δi,j ~RT (αi, αi)R−1(αi, αi)
(
〈CEiEi,N` 〉
〈CBiBi,N` 〉
)
+
[
~RT (αi + β, αj + β)− ~RT (αi, αj)R−1(αi, αj)R(αi + β, αj + β)
](〈CEiEj ,CMB` 〉
〈CBiBj ,CMB` 〉
)
⇔
(
−~RT (αi, αj)R−1(αi, αj) 1
)〈C
EiEj ,o
` 〉
〈CBiBj ,o` 〉
〈CEiBj ,o` 〉

−
[
~RT (αi + β, αj + β)− ~RT (αi, αj)R−1(αi, αj)R(αi + β, αj + β)
](〈CEiEj ,CMB` 〉
〈CBiBj ,CMB` 〉
)
= 0 .
(10)
In the last line we have ignored the noise term, which vanishes when 〈CEiEi,N` 〉 = 〈CBiBi,N` 〉.
Following Eq. (4), we construct a log-likelihood function as
lnL = −1
2
`max∑
`=2
(
A~Co` −B~CCMB,th`
)T
C−1
(
A~Co` −B~CCMB,th`
)
, (11)
where ~Co` is a one-dimensional array of
(
C
EiEj ,o
` C
BiBj ,o
` C
EiBj ,o
`
)T
with direct product of
i, j ∈ {1, 2, · · · , Nν}, ~CCMB,th` is a one-dimensional array of
(
C
EiEj ,CMB,th
` b
i
`b
j
` C
BiBj ,CMB,th
` b
i
`b
j
`
)
,
A is a block diagonal matrix of
(
−~RT (αi, αj)R−1(αi, αj) 1
)
, B is a block diago-
nal matrix of
[
~RT (αi + β, αj + β)− ~RT (αi, αj)R−1(αi, αj)R(αi + β, αj + β)
]
, and C =
ACov(~Co` ,
~Co`
T )AT . The explicit form of Cov(~Co` ,
~Co`
T ) is
Cov(~Co,ij` ,
~Co,pq`
T )
=
Cov(C
EiEj ,o
` , C
EpEq,o
` ) Cov(C
EiEj ,o
` , C
BpBq,o
` ) Cov(C
EiEj ,o
` , C
EpBq,o
` )
Cov(C
BiBj ,o
` , C
EpEq,o
` ) Cov(C
BiBj ,o
` , C
BpBq,o
` ) Cov(C
BiBj ,o
` , C
EpBq,o
` )
Cov(C
EiBj ,o
` , C
EpEq,o
` ) Cov(C
EiBj ,o
` , C
BpBq,o
` ) Cov(C
EiBj ,o
` , C
EpBq,o
` )
 , (12)
where we use an approximate covariance for each element:
Cov(CX,Y` , C
Z,W
` ) =
1
(2`+ 1)
(〈CX,Z` 〉〈CY,W` 〉+ 〈CX,W` 〉〈CY,Z` 〉)
≈ 1
(2`+ 1)
(CX,Z` C
Y,W
` + C
X,W
` C
Y,Z
` ).
(13)
From now on we ignore the off-diagonal elements of the covariance matrix given in
Eq. (12), because the CEB,o` C
XY,o
` term with X, Y ∈ {E,B} is strongly affected by the
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statistical fluctuations of CEB,o` . For example, let us consider Cov(C
EiBi,o
` , C
EiEj ,o
` ) ∼
1
2`+1(C
EiEi,o
` C
EjBi,o
` + C
EiEj ,o
` C
EiBi,o
` ). If the j-th frequency band is dominated by the fore-
ground emission, C
EjBi
` fluctuates around zero with a large statistical fluctuation due to the
large E-mode of the foreground emission, which is enhanced by the non-zero auto frequency
spectrum, CEiEi,o` . Thus the term
1
(2`+1)C
EiEi,o
` C
EjBi,o
` makes the approximation worse.
Even if we ignore the off-diagonal elements of Eq. (12), we find that the approximate
covariance matrix sometimes differs from the sample variance especially in the low ` region.
This is because we have a small number of modes in the low ` region and the approximate
covariance matrix is strongly affected by the statistical fluctuation. We reduce this fluctuation
by binning power spectra in the multipole, `. Specifcally, we average the power spectra within
a bin, b, with a bin width, ∆`, and calculate the binned power spectra as
CX,Yb =
1
∆`
∑
`∈b
CX,Y` . (14)
The corresponding covariance matrix is given by
Cov(CX,Yb , C
Z,W
b ) =
1
∆`2
∑
`∈b
Cov(CX,Y` , C
Z,W
` ) . (15)
Using these binned variables in the log-likelihood function (Eq. 11), we determine the
miscalibration angles, α, and the cosmic birefringence angle, β, simultaneously.
3 Sky simulations
To validate our methodology, we use the “PySM” package [23] to produce realistic
simulations of the microwave sky, with experimental parameters similar to the LiteBIRD mis-
sion [10] (Table 1). We include polarized synchrotron and thermal dust emission with varying
spectral parameters given by the “s1” and “d1” models in PySM. The noise is assumed to be
white with standard deviation given by σN = (pi/10800)(w
−1/2
p /µK arcmin) µK str
−1/2 [24]
with w
−1/2
p given in the “Polarization sensitivity” column of Table 1. A CMB map is
generated from the power spectra calculated by CAMB [25] using the latest Planck 2018 cos-
mological parameters for “TT,TE,EE+lowE+lensing” [26]: Ωbh
2 = 0.02237, Ωch
2 = 0.1200,
h = 0.6736, τ = 0.0544, As = 2.100× 10−9, and ns = 0.9649. The CMB map includes the
lensed B-mode but does not include the primordial B-mode, i.e., the tensor-to-scalar ratio,
r, is zero.
We use the HEALPix package [27] to deal with maps, spherical harmonics coefficients, and
power spectra. We incorporate the beam smearing of the LiteBIRD telescope by multiplying
the spherical harmonics coefficients of the CMB and foreground maps at each frequency
6
Table 1 Polarization sensitivity and beam size of the LiteBIRD telescopes [10]
Frequency (GHz) Polarization sensitivity (µK
′
) Beam size in FWHM (arcmin)
40 37.5 69
50 24.0 56
60 19.9 48
68 16.2 43
78 13.5 39
89 11.7 35
100 9.2 29
119 7.6 25
140 5.9 23
166 6.5 21
195 5.8 20
235 7.7 19
280 13.2 24
337 19.5 20
402 37.5 17
by the appropriate beam transfer function, b`. Specifically, we use a Gaussian beam with
full-width-half-maximum (FWHM) given in the third column of Table 1. We use the map
resolution parameter of Nside = 512 and calculate the power spectra from `min = 2 to `max =
2Nside = 1024.
We generate the input miscalibration angles, α, randomly from a Gaussian distribution
with zero mean and standard deviation of 0.33 deg (19.8 arcmin), which corresponds to the
calibration uncertainty of the Crab Nebula (Tau A) [28].
In the following sections, we show the results from both a single realization and Monte
Carlo (MC) realizations. For the single realization, we use the actual distribution of the
Galactic foreground given by PySM. For MC realizations, we use the synfast function of
HEALPix to generate Gaussian random realizations of the Galactic foreground emission
from the power spectra of the PySM maps. Specifically, we generate map realizations at the
reference frequency bands (353 GHz for the thermal dust emission and 23 GHz for the syn-
chrotron emission), and scale these maps to each frequency band with the same model used
in PySM. If we did not do this, all of the MC realizations would have the same foreground
sky, which would underestimate the sample variance. The goal of the MC realizations is to
7
Table 2 Input (αin) and recovered (αout) miscalibration angles and their 68% uncertainties
(σ(αout)). We show the results from the cross frequency correlation (Eq. (11)) and the auto
correlation power spectra (Eq. (4)). For the MC simulations we show the mean of αout and
its standard deviation, as well as the mean of σ(αout) estimated from Eq. (11) for each
realization.
ν (GHz)
αin
(arcmin)
αout (arcmin)
with cross correlation (Eq. 11)
αout (arcmin)
with auto correlation (Eq. 4)
Single realization MC simulations Single realization
αout σ(αout) α¯out std(αout) σ¯(αout) αout σ(αout)
40 7.2 9.0 2.7 7.5 2.4 2.5 11.7 8.5
50 4.2 3.7 2.2 4.6 1.9 2.0 1.7 6.3
60 1.8 0.5 1.7 2.1 1.8 1.7 4.1 4.9
68 -29.4 -26.0 1.5 -28.8 1.3 1.5 -30.6 3.5
78 24.0 25.2 1.1 24.1 1.1 1.0 28.5 2.6
89 -16.8 -16.05 0.75 -16.52 0.77 0.72 -16.1 1.9
100 24.0 24.21 0.51 24.03 0.54 0.51 25.5 1.2
119 -3.6 -2.62 0.38 -3.52 0.38 0.37 -2.9 1.0
140 15.6 15.17 0.32 15.56 0.32 0.32 15.7 1.0
166 16.2 16.28 0.32 16.15 0.31 0.32 17.6 1.2
195 -36.6 -36.55 0.34 -36.57 0.30 0.34 -37.6 1.5
235 32.4 32.74 0.37 32.29 0.34 0.37 30.5 2.4
280 -10.2 -9.86 0.39 -10.24 0.34 0.38 -12.2 4.6
337 49.2 49.67 0.45 49.03 0.38 0.45 46.4 4.8
402 -40.2 -39.73 0.45 -40.25 0.37 0.45 -47.8 4.5
check whether the estimated values of α and β are unbiased, and the estimated values of
their uncertainties are also unbiased.
4 Results
4.1 Determination of α
First we report the results of the determination of α in the absence of β, using the log-
likelihood given in Eq. (11). We use the anafast function of HEALPix to calculate cross
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frequency spectra over the full sky. We use the bin size of ∆` = 20, and calculate the binned
power spectra and the covariance matrices using Eqs. (14) and (15), respectively.
In Table 2, we show the input (αin) and recovered (αout) miscalibration angles, the
uncertainty derived from a single realization using the likelihood (σ(αout)), the mean of αout
estimated from the MC realizations (α¯out), its standard deviation (std(αout)), and the mean
of the uncertainties derived from the MC realizations using the likelihood (σ¯(αout)). Here,
αout and σ(αout) are the median and the 1σ (68%) volume of the marginalized distribution,
respectively. We find that the recovered angles are unbiased. We also find that σ(αout) agrees
with std(αout), although the former is slightly overestimated in the highest frequency bands.
The last two columns in Table 2 show the results using only the auto frequency spectra
with the likelihood given in Eq. (4) [9]. Comparing to them, we find that the cross spectra
reduce σ(αout) dramatically, by at least a factor of two, up to an order of magnitude. The
benefit of including the cross spectra in the analysis is obvious. The signal-to-noise of the
miscalibration angle at a given band can be most efficiently improved by cross-correlating it
with the other bands with lower noise. Therefore the improvement is most dramatic in the
lowest and highest frequency bands.
The recovered angles α at different frequency bands are correlated, since the CMB and
foregrounds components are common. To see the correlation, we show the posterior dis-
tributions of the miscalibration angles of all frequency bands in Figure 1. The angles in
the foreground-dominated bands (i.e., lowest and highest frequency bands) are most tightly
correlated, as the uncertainties are dominated by the same foreground (synchrotron and
thermal dust emission in the lowest and highest frequency bands, respectively). In the mid
frequency bands (e.g., around 119 GHz), the angles in the adjacent frequencies are corre-
lated because they have a similar signal-to-noise for the CMB. The correlation weakens for
widely-separated frequency combinations.
4.2 Simultaneous determination of α and β
Next, we report the results of simultaneous determination of α and β using the log-
likelihood given in Eq. (11). The input value of the cosmic birefringence angle is β =
30 arcmin, which is the current upper bound [20]. We use the same input miscalibration
angles as in Sect. 4.1 and use 100 MC samples as we described in Sect. 3.
We show the input and recovered values of β and α as well as their uncertainties in
Table 3. We find that the uncertainty in β from the cross frequency power spectra is more
than a factor of two smaller than 11 arcmin obtained from the auto frequency spectra [9].
Therefore, an experiment such as LiteBIRD can significantly improve upon the constraint
on β compared to the current limit.
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Fig. 1 Posterior distributions of the recovered miscalibration angles, α, from the single
realization with the experimental parameters given in Table 1. The solid lines in the 2D con-
tours show the 1σ (39.3%) and 2σ (86.5%) quantiles. The dashed lines in the 1D histograms
show the 1σ (from 16% to 84%) quantiles, while the red lines show the input miscalibration
angles, αin, given in Table 2.
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In detail, when we use all the 15 frequency bands, we find that β is biased slightly low,
and the uncertainty of β derived from the log-likelihood given in Eq. (11) is slightly smaller
than the standard deviation of the MC realizations. While we need both the CMB and the
Galactic foreground emission to distinguish between α and β, including the bands that are
completely dominated by the foreground appears to bias the results. We mitigate this by
removing the foreground-dominated frequency bands. For example, we show the results from
six CMB-dominated bands, from 89 GHz to 196 GHz in the right three columns of Table 3.
It shows that we can correctly recover α and β simultaneously with consistent uncertainties.
Even in this conservative case the uncertainty of β is 6 arcmin, which is nearly a factor of
two smaller than the auto frequency spectra.
Our method uses the CMB signal to determine α + β and lifts the degeneracy by the
foreground signal which only determines α. Therefore, there are linear correlations between
α and β (Figure 2), and the uncertainties of α and β are similar (Table 3), as pointed out
by Ref. [9].
5 Discussion and conclusion
In this paper, we have developed a strategy to determine the cosmic birefringence (β)
and miscalibrated polarization angles (α) of CMB experiments using the observed EB power
spectra of the CMB and Galactic foreground emission. We have extended the methodology
of Ref. [9], which was developed for the auto frequency power spectra, by including the cross
frequency spectra. The idea is simple: when we use the cross correlation between detectors
with small and large noise, we can effectively reduce the calibration uncertainty on the
detector with large noise.
Applying our method to simulated maps of CMB, realistic foreground emission [23], and
instrumental noise with beam smearing similar to the LiteBIRD [10], we have found that the
method correctly recovers the input values of α and β, with significantly smaller uncertainties
on both α and β compared to the auto frequency spectra. If we ignore β, the uncertainties
on α are reduced by at least a factor of two, up to an order of magnitude depending on the
noise levels of frequency bands. If we include β, the uncertainties on β and α become similar
as the CMB tightly constrains α + β while the foreground constrains α, as pointed out by
Ref. [9]. We find that the cross frequency spectra reduce the uncertainty of β by a factor
of two, yielding σ(β) ' 6 arcmin; thus, an experiment such as LiteBIRD can significantly
improve upon the current limit on the cosmic birefringence, 30 arcmin [20].
While we have applied our method to the LiteBIRD specification, we can apply the
method to any multi frequency observations. The extension to ground-based experiments
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Table 3 Input and recovered cosmic birefringence and miscalibration angles, θ = (β, α),
and their 68% uncertainties from the cross frequency power spectra (Eq. (11)) with 100 MC
samples. We show the mean of θout and its standard deviation, as well as the mean of σ(θout)
estimated from Eq. (11) for each realization. We show two results from (1) all 15 frequency
bands, and (2) six CMB-dominated bands.
ν (GHz)
or β
θin
(arcmin)
Recovered angles (arcmin)
with all bands
Recovered angles (arcmin)
with CMB-dominated bands
θ¯out std(θout) σ¯out θ¯out std(θout) σ¯out
β 30.0 24.9 4.7 3.6 28.9 6.3 6.1
40 7.2 12.2 5.1 4.2 - - -
50 4.2 9.3 4.9 4.0 - - -
60 1.8 7.0 4.9 3.9 - - -
68 -29.4 -24.0 4.9 3.9 - - -
78 24.0 29.0 4.7 3.7 - - -
89 -16.8 -11.5 4.7 3.7 -15.5 6.5 6.1
100 24.0 28.9 4.7 3.6 25.0 6.3 6.0
119 -3.6 1.4 4.7 3.6 -2.5 6.3 6.0
140 15.6 20.5 4.7 3.6 16.5 6.2 6.0
166 16.2 21.1 4.7 3.6 17.0 6.2 6.0
195 -36.6 -31.6 4.7 3.6 -35.6 6.2 6.0
235 32.4 37.2 4.7 3.6 - - -
280 -10.2 -5.2 4.7 3.6 - - -
337 49.2 53.9 4.7 3.6 - - -
402 -40.2 -35.2 4.7 3.6 - - -
with a partial sky coverage can be done following Ref. [17]. This new framework allows us
to reduce the uncertainty in the miscalibration polarization angle and to detect the cosmic
birefringence.
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angles at the indicated frequency bands from the single realization at six CMB-dominated
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